International Seminar Analysis of spectral invariants and related operator theory, Tokyo University of Science, Unga Campus, 5-6 Oct. 2009 Over the last decades, substantial progress has been achieved investigating spectral properties of geometrically defined differential operators like the Laplacian and the Dirac operator on manifolds with boundary and on partitioned manifolds.
confine the applicability to ordinary differential equations or Dirac type operators with constant coefficients in normal direction (product case) close to boundary. We took up the challenge of general linear elliptic differential operators; investigated weak inner UCP; established the existence of self-adjoint Fredholm extensions; admitted variation of domain and skew boundaries, and investigated uniform structures and continuous perturbations. We conclude that the "natural" (von Neumann) approach is insufficient, and more analysis (splitting the coefficients near the boundary and pseudodifferential calculus) are neded.
Let M be a smooth compact Riemannian manifold with boundary Σ, E, F Hermitian vector bundles over M, and A : Math. 88 (1966) 781-809; MR0209915 (35 #810) and Pseudo-Diff. Operators (C.I.M.E., Stresa, 1968) , pp. 167-305 Edizioni Cremonese, Rome 1969; MR0259335 (41 #3973)], R.T. Seeley proved that this Cauchy data space can be obtained as the range of a pseudodifferential projection. The basic ingredients for Seeley's result have been the construction of an invertible extension A of A over a closed manifold M by extending A to a collar, then doubling and applying symbolic calculus and UCP management. As a result, he received a Poisson operator K ± := ±r ± A −1 ρ * J(0) where J(0) = σ(A)(·, ν) ∈ End(E Σ ) denotes the principal symbol of A in normal direction at the boundary. He showed that the operator C ± := ρK ± is a pseudodifferential projection onto N 0 + (A) and called it the Calderón projection.
In [Elliptic boundary problems for Dirac operators, Birkhäuser, Boston, 1993; MR1233386 (94h:58168) ], it was shown by B. Booß-Bavnbek and K.P. Wojciechowski that Seeley's construction is canonical for Dirac type operators in product form close to the boundary and yields the Lagrangian property of the Cauchy data space. The reason is that for such operators the invertible extension A can be explicitly defined on the true closed double M of M and does not involve any choices. As a consequence, the Cauchy data spaces, respectively, the Calderón projection vary continuously under smooth deformation of the data defining the Dirac operator [B. Booß-Bavnbek, M. Lesch and J. Phillips, Canad. J. Math. 57 (2005), no. 2, 225-250; MR2124916 (2006a:58029) ].
We traced these results back to, what we call "Dirac Operator Folklore": (i) weak inner UCP, i.e., ker A ∩ dom(A min ) = {0} with dom(A min ) = L 2 1,comp (M, E); (ii) symmetric principal symbol of the tangential operator B in the decomposition A = J 0 (∂ x + B) where x denotes the inner normal variable; and (iii) a precise invertible double. From that alone, we emphasize, one can derive the transparent definition of the Calderón projection, the Lagrangian property of the Cauchy data space, the existence of a selfadjoint Fredholm extension given by a regular pseudodiffernetial boundary condition, the Cobordism Theorem, and the continuous dependence of input data.
We ask How special are operators of Dirac type compared to arbitrary linear first order elliptic differential operators? To answer that question, we first bring a given elliptic differential operator of first order in product form A = J ∂ x + B close to the boundary by suitable choice of the metric. Here, J and B vary with the normal variable x. Note that dropping the geometric Dirac operator context, the metric structures need no longer to be fixed.
Next, we give a canonical construction of a new invertible doubleÃ T with D( 
and Calderón operators C + := ̺ + K + , C − := T −1 ̺ − K − . We obtain that C ± are projections with
The most delicate part of our work has been the investigation of the mapping properties of the pseudo-inverse G, the Poisson operators K ± and the Calderón projection C ± .
Our model operator is A = J ∂ ∂x + B(x)) + 0.order. From the ellipticity of A we have that iξ + B(x) is invertible for real ξ of sufficiently large numerical value (array of minimal growth). We put Q + (x) :=
−1 dλ a family of sectorial projections where Γ + is a contour which encircles the eigenvalues of B 0 in the right half plane. We notice that Q + (x) corresponds e −xB 0 1 [0,∞) (B 0 ) if B 0 = B 0 * . We had to display a delicate balance on a knife edge between general operator theory and pseudodifferential calculus when we realized that a priori Q + (x) = O(log x), x → 0+, hence P + := Q + (0) is possibly unbounded. Within the pseudodifferential calculus, it follows, however, from [T. Burak, Ann. Scuola Norm. Sup. Pisa (3) 24 1970 209-230; MR0279633 (43 # 5354), K. Wojciechowski, Simon Stevin 59 (1985), no. 1, 59-91; MR0795272 (86k:58120) , R. Ponge, J. Reine Angew. Math. 614 (2008), 117-151; MR2376284 (2008j:58039) ] that P + := Q + (0) is a bounded pseudodifferential projection. A postiori, we obtain Q + (x) → P + strong, x → 0+.
Another hopefully useful concept introduced by us is the approximative Poisson operator R :
, where ϕ is a suitable cut-off function at 0. We
* + regularising remainder and analyze the mapping property of R :
Regarding uniform structures, we find that C + (A) − P + (B 0 ) is a pseudodifferential operator of order −1 and that A → C + (A) is as regular as A → P + (B(0)) under the condition dim Z 0 (A), dim Z 0 (A t ) = const. Moreover we show that (A, P ) → A P is continuous in graph topology, if P runs in the space of "regular" boundary conditions.
Further applications for A = A t are that the Cauchy data space is Lagrangian in the hermitian symplectic Hilbert space L 2 (∂M, E), ·, J(0)· ); the existence of a self-adjoint Fredholm extension A C ± (for suitable choice of T ); and the cobordismus invariance of the index for arbitrary symmetric elliptic differential operators on closed manifolds: sign iJ(0) vanishes on 
